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The Zeeman splitting of the conduction band in the HgTe quantum wells both with normal
and inverted spectrum has been studied experimentally in a wide electron density range. The
simultaneous analysis of the SdH oscillations in low magnetic fields at different tilt angles and of
the shape of the oscillations in moderate magnetic fields gives a possibility to find the ratio of the
Zeeman splitting to the orbital one and anisotropy of g-factor. It is shown that the ratios of the
Zeeman splitting to the orbital one are close to each other for both types of structures, with a normal
and inverted spectrum and they are close enough to the values calculated within kP method. In
contrast, the values of g-factor anisotropy in the structures with normal and inverted spectra is
strongly different and for both cases differs significantly from the calculated ones. We believe that
such disagreement with calculations is a result of the interface inversion asymmetry in the HgTe
quantum well, which is not taken into account in the kP calculations.
I. INTRODUCTION
A HgTe/CdTe quantum well is a system where the
Dirac fermions appear only in a single valley, at the Γ
point of the Brillouin zone, unlike graphene where there
are two valleys of the Dirac fermions with a strong inter-
valley scattering. The energies of spatially quantized sub-
bands at the quasimomentum k = 0 and energy spectrum
E(k) for different widths of the quantum well (d) were
calculated within kP method in numerous papers [1–5].
As seen from Fig. 1, various types of energy spectrum are
realized upon increasing the HgTe quantum-well width;
namely, “normal”, when d is less than a critical width
dc ≃ 6.3 nm, Dirac-like at small quasimomenta for d =
dc, inverted when d > dc, and finally, semimetallic when
d > 14 − 16 nm. To interpret experimental data, these
calculations of the energy spectrum are used practically
always. They well describe the width dependence of the
energies of both electron and hole subbands at k = 0
and the energy dependence of the electron effective mass
(me).
However, quite a lot of differences between the ex-
perimental data and the results of these calculations
on the energy spectrum of the carriers have been accu-
mulated to date. First of all, they refer to the spec-
trum of the valence band. The hole effective mass
(mh) at d ≈ 20 nm within the wide hole density range
p = (1 − 4) × 1011 cm−2 is substantially less than the
calculated one: mh ≃ (0.15 − 0.3)m0 [6, 7] instead of
(0.5−0.6)m0 [5]. The top of the valence band in the nom-
inally symmetric structures with d ≈ dc (d = 5.5−7 nm)
was found to be very strongly split by spin-orbit (SO) in-
teraction [8]. Therewith, the SO splitting of the conduc-
tion band in the same structures does not reveal itself [9].
It is surprising that such SO splitting is observed in struc-
tures both with inverted and normal spectrum despite
the fact that at d < dc and d > dc the conduction band
is formed from different terms (see Fig. 1). At d < dc,
the conduction band is formed from electron states and
states of light hole, while at d > dc, it is formed from
heavy-hole states. Such SO splitting was not described
by Byckov-Rashba effect taken into account within kP
method. It was assumed [9] that such a surprising be-
havior of SO splitting is a result of the interface inversion
asymmetry (IIA) in the HgTe quantum well, which was
not taken into account in kP calculations in [1–5].
The question arises: how other spin-dependent effects,
for example, the Zeeman splitting, depend on the spec-
trum type – normal or inverted. We found only two pa-
pers where the Zeeman splitting of electron spectrum was
measured in the HgTe quantum wells with the width d
which is more or less close to dc [10, 11]. In Ref. [10], the
Zeeman splitting was determined in a structure with nor-
mal spectrum, d = 6.1 nm, at very large electron density
n = 1.4 × 1012 cm−2. In Ref. [11], it was determined in
a structure with inverted spectrum with d = 9 nm that
is noticeably larger than dc, at n = 6.59× 10
11 cm−2.
So, up to now a systematic study of the Zeeman split-
ting and a comparison of it with theoretical calculations
are absent. In this paper, we present the results of the in-
vestigation of the Shubnikov-de Haas (SdH) oscillations
in tilt magnetic fields in the HgTe quantum wells with
normal and inverted spectra. To find the ratio of the
Zeeman splitting to the orbital one, we have used a mod-
ified coincidence method which consists in measuring the
angle dependence of amplitudes of the SdH oscillations
in low magnetic fields. The simultaneous analysis of this
dependence and the shape of oscillations of ρxx made it
possible to determine both the ratio of the Zeeman split-
ting to the cyclotron one and the anisotropy of g-factor
(g‖/g⊥) over a wide electron-density range, where g‖ and
g⊥ are the in-plane and transverse g-factor, respectively.
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Figure 1. (Color online) (a) – The quantum well width de-
pendence of the subband energies at k = 0. The dependences
E(k) of the conduction and valence bands for d < dc (b)
and d > dc (c). The marked area in (a) shows the range of
quantum well widths under study.
II. EXPERIMENT
Our samples with the HgTe quantum wells were real-
ized on the basis of HgTe/Hg1−xCdxTe (x = 0.55−0.65)
heterostructures grown by the molecular beam epitaxy
on a GaAs substrate with the (013) surface orientation
[12]. The samples were mesa etched into standard Hall
bars of 0.5 mm width and the distance between the po-
tential probes was 0.5 mm. To change and control the
carrier density in the quantum well, the field-effect tran-
sistors were fabricated with parylene as an insulator and
aluminium as a gate electrode. For each heterostructure,
several samples were fabricated and studied. The Zee-
man splitting of the conduction band has been obtained
from measurements of the SdH effect in a tilted mag-
netic field, i.e. we used the so-called coincidence method.
This method is based on the fact that the spin splitting,
gµBB, depends on the total magnetic field (B) whereas
the orbital splitting of the Landau levels (LLs) in 2D sys-
tems, ~ωc, is proportional to the component of the mag-
netic field which is perpendicular to the 2D plane (B⊥):
~ωc = (e~/me)B⊥ = (e~/me)bB, where b ≡ B⊥/B.
Thus, the ratio of the Zeeman splitting to the orbital
one, gµBB/~ωc, will change upon varying the tilt an-
gle as X(b) = gµBme/(e~B b). It is clear that there are
particular angles bc when X(bc) = 1/2, 1, 3/2... At inte-
Table I. The parameters of heterostructures under study
number structure d (nm) type p, n(Vg = 0) (cm
−2)
1 1520 4.6 n 1.5 × 1011
2 1122 5.6 p 1.3 × 1011
3 1023 6.5 p 1.0 × 1010
4 H725 8.3 p 5.0 × 1010
5 HT71 9.5 p 6.0 × 1010
ger X(bc) values, the energies of the LLs with different
numbers and opposite spin coincide with each other and
the distances between the pairs of such degenerate LLs
are equal to ~ωc. When X(bc) is half-integer, the energy
distances between nearest LLs are twice as low, 0.5~ωc.
As a result, the oscillation periods will differ twice for
these cases. Knowing values of bc, one can find the ratio
X(1) ≡ X . For example, when X(bc) = 1/2, X = bc/2.
In this paper, we used the modified coincidence method
[13–15]. We have measured the oscillations at low mag-
netic field when: (i) B⊥ is significantly less than the field
of the onset of the quantum Hall effect (QHE); (ii) ampli-
tude of the oscillation is small so that oscillations of the
Fermi energy are negligible; (iii) the SdH oscillations are
spin-unsplit. In this case, the study of the angular de-
pendence of the oscillation amplitude A(b) at a given B⊥
value within the entire range of angles (rather than the
determination of critical angles) allows one not only to
determine the ratio of the Zeeman splitting to the orbital
one, but estimate the g-factor anisotropy.
To find analytic expression for the tilt-angle depen-
dence of the oscillation amplitude A(b), it is convenient
to represent the oscillations as the sum of the contribu-
tions from the two series of the Landau spin sublevels. At
low magnetic field, when the SdH oscillations are unsplit,
the main contribution to the oscillations of ρxx comes
from the first harmonic, [16] and the well known Lifshits-
Kosevitch (LK) formula for the SdH oscillations reduces
to the following expression
∆ρxx(B, b) = ρxx(B, b)− ρxx(0)
= a↑ cos
[
2pi
(
EF
~ωc
+
1
2
+
X(b)
2
)]
+ a↓ cos
[
2pi
(
EF
~ωc
+
1
2
−
X(b)
2
)]
. (1)
Here, the factors a↑ and a↓ depend on the Dingle factor,
temperature, and magnetic field. When a↑ = a↓ = a,
Eq. (1) is
∆ρxx(B, b) = 2a cos [piX(b)] cos
[
2pi
(
EF
~ωc
+
1
2
)]
. (2)
Thus, over this magnetic field range, the values of B⊥
corresponding to the extremes of ρxx should not depend
on the tilt angle, while the amplitudes of oscillations
A(b) = 2a cos [piX(b)] should periodically change with
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Figure 2. (Color online) (a) The magnetic field dependences
of ρxx and ρxy at normal magnetic field in structure 1520 at
n = 5.45 × 1011 cm−2. T = 4.2 K. (b) The dependences of
dρxx/dB⊥ on B⊥ for different b.
b and the angular dependence of the relative amplitude
is
A(b)
A(1)
=
cos[piX(b)]
cos[piX(1)]
. (3)
III. RESULTS AND DISCUSSION
Let us begin our analysis with the results obtained in
the structures with a normal spectrum (d < dc) (see Ta-
ble I). As an example, consider the results for the struc-
ture 1520. Before discussing the oscillations in the tilt
magnetic field, it is necessary to estimate the magnetic
field range where Eq. (1) is valid for this structure. To
this end, let us inspect the magnetic field dependences of
ρxx and ρxy in the normal field, which are presented in
Fig. 2(a) for the electron density n = 5.45× 1011 cm−2.
It is seen that at B < 1.5 T, the amplitude of oscilla-
tions of ρxx is 10 percent less, and the steps in ρxy(B)
(with even filling factors ν) appear only at B > 1.5 T;
therefore one can neglect the oscillations of the Fermi en-
ergy within this range of B. The electron density found
from the period of oscillations under assumption that the
Landau levels are two-fold degenerate, coincides with the
Hall density [17]. Thus, at B < 1.5 T, the conditions of
applicability of Eq. (1) are met.
Now let us inspect the SdH oscillations in the tilt mag-
netic field. To remove the monotonic part we plotted in
Fig. 2(b) the dρxx/dB⊥ versus B⊥ dependences, mea-
sured at different tilt angles. To make it easier to trace
the position of oscillations at different angles, we mark
the position of one of the maxima dρxx/dB at the normal
field B = 1.02 T by a dashed line. It is clearly seen that
the positions of extremes of dρxx/dB⊥ do not change
with tilt angle but the maxima are transformed to the
minima at b ≃ 0.65, and upon further rotation they are
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Figure 3. (Color online) The relative oscillations ampli-
tude for the structure H1520 plotted against b at n =
5.45 × 1011 cm−2. Points are experimental data found at
B⊥ = 1.0, 1.2 and 1.4 T. The inversion of the amplitude sign
corresponds to the change of the oscillation phase by pi. Solid
and dash lines are the dependences Eq.(3) with X = 0.39 and
0.4, respectively. Other lines are the calculated dependences
with taking into account g-factor anisotropy.
transformed to the maxima again at b ≃ 0.23. Note, a
noticeable difference was not observed when the parallel
component of the field was along or perpendicular to the
current.
For the quantitative analysis, the amplitude of oscil-
lations A(B⊥, b) at a given b was found by fitting of
the oscillatory part of A(B⊥, b) versus B⊥ curves to the
oscillating function corresponding to the electron den-
sity n = 1/eRH measured in the normal field, with
the amplitude A(B) = k0 exp(k1B). The relative am-
plitudes of the oscillations found in this way A(b)/A(1)
as a function of b are plotted for some values of B⊥
in Fig. 3. The inversion of the amplitude sign corre-
sponds to the change in the oscillations phase by pi. Note,
that A(b)/A(1) does not depend practically on B⊥ when
the magnetic field is sufficiently small so that Eq. (1) is
valid. In the same figure we have shown the dependences
which are given by Eq. (3) for some values of the ratio
X(b)=gµBB/(e~B⊥/me). One can see that Eq. (3) well
describes the experimental data with X = 0.39 ± 0.01.
Some deviation at b < 0.3 can result from the g-factor
anisotropy. Indeed, taking this possibility into account
in simplest form
g(b) =
√
g
2
⊥b
2 + g2‖(1− b
2) (4)
with g⊥/g‖ = 0.9 we obtain the exact coincidence over all
range of tilt angles withX = 0.405 (see dot line in Fig. 3).
In Fig. 3, we have plotted also the angular dependences
of A(b)/A(1) with close pairs of parameters. This makes
it possible to assess how uniquely these parameters are
determined. Note that the value of X < 0.5 is consistent
with the fact that the onset of QHE is observed with even
numbers [see Fig. 2(a)].
Such data treatment was carried out for other elec-
tron densities and all the results for gµBB/~ωc versus
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Figure 4. (Color online) (a) The magnetic field dependences
of ρxx and ρxy at normal magnetic field for the structure
1023 (d < dc) at n = 4.6 × 10
11 cm−2. T = 4.2 K. (b) The
dependences of the derivatives dρxx/dB⊥ on B⊥ for different
b.
the electron density are plotted in Fig. 7 together with
the results obtained for another structure with d < dc,
1122 (see Table I).
Before comparing these results with the theoretical de-
pendences of gµBB/~ωc on the electron density, let us
consider the data for structures with inverted spectrum
(d > dc).
As an example, in Fig. 4, we have presented the data
for structure 1023 at n = 4.6× 1011 cm−2. One can see
that at B < 0.8 T, the oscillations of ρxy are practically
absent and the spin splitting of the oscillations of ρxx is
not observed. So, at B < 0.8 T, the conditions for appli-
cability of Eq. (1) are met. The derivatives dρxx/dB⊥,
measured at different tilt angles as a function of B⊥ are
presented in Fig. 4(b) for different b. For clarity, we
have plotted the dashed line at B⊥ = 0.68 T which cor-
responds to the position of one of maxima. It is clearly
seen that with the tilt angle increase, the positions of the
extremes of dρxx/dB in B⊥, similarly to in structures
with d < dc (see. Fig. 2b), does not change but the am-
plitude of the oscillations decreases significantly slower
than in the structure with d < dc, and the inversion
of the oscillations phase is not observed up to b = 0.19
[compare Fig. 2(b) and Fig. 4(b)].
The dependence of the amplitude of oscillations on b
together with the calculated dependence, Eq. (3), with
the isotropic g-factor is presented in Fig. 5. One can see
that this simple dependence describes well the data over
b range from 1 to (0.25− 0.2) with X = 0.13. Note, this
value is three-four times as low as that for the structures
with normal spectrum (see Fig. 3). Let us check how un-
ambiguously the value of X is determined for this case.
To this end, we have plotted in Fig. 5 the A(B⊥, b) ver-
sus b dependences which were calculated using two free
parameters, namely g‖/g⊥ and X . One can see that the
experimental data are equally well described with very
different pairs of X and g‖/g⊥.
To avoid such a large ambiguity, let us consider os-
cillations of ρxx(B) in a larger magnetic field, where the
Zeeman splitting starts to be observed but lower than the
onset of QHE. Such experimental dependence in the nor-
mal field is presented in Fig. 6 together with the curves
calculated using the LK formula with different X values.
We assumed the Lorentz broadening of LLs with param-
eter ∆L = 4.5 meV which was found from the magnetic
field dependence of ρxx(B) at B < 1 T. The inset shows
that the calculated curve with X = 0.13 radically differs
from the experimental curve, it does not demonstrate the
Zeeman splitting of the oscillations up to 3 T. The calcu-
lated curves with X = 0.35− 0.48 are significantly closer
to the experimental dependence ρxx(B), therewith the
curve with X = 0.42 practically reproduces the exper-
imental dependence. Thus, the comparison of the data
with the calculated curves in Fig. 5 and Fig. 6 gives the
possibility to find unambiguously the values of X and
g‖/g⊥ as 0.42± 0.03 and 0.19± 0.02, respectively.
As seen from Fig. 5, some discrepancy between the
A(b)/A(1) data and calculated curves remains at b < 0.2.
The reasons for this discrepancy are not clear. TThey
may be: (i) effect of sufficiently large in-plane component
of B because at b = 0.2, the in-plane component of B is
about 3− 4 T, which corresponds to the magnetic length
L = (13 − 14) nm so that L became comparable to the
width of the quantum well width (8 − 9) nm. That can
change the energy spectrum noticeably. (ii) a difference
in the broadening (or difference in contribution to the
oscillations) of different spin sub-levels; (iii) imperfect
flatness of the quantum well and so on. Nevertheless, we
believe that the value of X = 0.42± 0.02 corresponds to
the ratio of the Zeeman splitting to the cyclotron energy
in the normal magnetic field and g-factor anisotropy is
g‖/g⊥ = 0.19± 0.02.
The described above measurements and data treat-
ment were carried out for all structures from Table I over
the wide electron density range. All obtained values of
X and g‖/g⊥ versus the electron density are summarized
in Fig. 7.
One can see that the ratio of the Zeeman splitting to
the orbital one is close to each other for both types of
the structures, with the normal and inverted spectrum.
This ratio decreases slightly from X ≈ 0.5 to ≈ 0.4, as
the electron density increases from n ≈ 1× 1011 cm−2 to
5× 1011 cm−2.
The values of the g-factor anisotropy in the structures
with normal and inverted spectra differ significantly [see
Fig. 7(b)]. The values of g‖/g⊥ in the structures with
the normal spectrum are in the range of 0.6− 0.9, while
in the structures with inverted spectrum they are in the
range of 0.05−0.015. For both types of the structures the
values of g‖/g⊥ increase with increasing electron density.
Let us compare our data with the results of previous
studies. We have found only two articles [10, 11] where
the Zeeman splitting was studied in the structures with
d ≈ dc and we plotted them in Fig. 7. In paper [11], the
Zeeman splitting was determined for the normal mag-
netic field only in the structure with d = 9 nm at the
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Figure 5. (Color online) The relative oscillation amplitude
for structure 1023 plotted against b. Points are experimental
data found at B⊥ = 0.6, 0.7, and 0.8 T at the electron density
n = 4.6 × 1011 cm−2. The lines are the dependences Eq. (3)
with different pairs of the parameters X and g‖/g⊥ shown in
figure.
electron density n = 6.59 × 1011 cm−2. The value of
X agrees well with our data (see Fig. 7). In Ref. [10],
both the Zeeman splitting and g-factor anisotropy were
found for the structure with d = 6.1 nm for the very high
electron density, n = 1.46 × 1012 cm−2. The value of
the g-factor anisotropy is found to be close to our data
for the structure with d = 5.6 nm [see Fig. 7(b)], while
the ratio gµBB/~ωc is significantly larger than our data:
1.26 instead of 0.4− 0.5. Such difference is unclear. One
of possible reasons is role of spin-orbit interaction, which
can be large for so high electron density and was not
taken into account in the analysis of the data.
Now let us compare the obtained results with the theo-
retical ones. To findX=gµBB/(e~B⊥/me), the positions
of the Landau levels have been calculated in framework
of the 8-band kP model [5]. Since there are different no-
tations of the Landau levels in various papers, we have
numbered the levels in a row, starting from unity for the
lowest LL of the conduction band. The Zeeman splitting
was found as the energy distance between the levels n and
n+1 with odd n, while the orbital splitting was found as
the distance between the levels n and n+2 [18]. The cal-
culated gµBB/~ωc versus n dependences are plotted in
Fig. 7(a) by solid lines. It is seen that the experimental
values are slightly ower than the calculated ones for the
structures with the normal and inverted spectrum. It is
instructive to compare the results of the calculations per-
formed in the framework of the 8-band kP model with
those obtained within the framework of the Bernevig-
Hughes-Zhang (BHZ) model [4], which is often used to
analysis various effects. We have used the parameters
of the BHZ model which give the dependence E(k) very
close to that calculated in framework of the 8-band kP
model. However, the Zeeman splitting in this case ap-
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Figure 6. (Color online) The experimental dependences of
ρxx and ρxy for structure 1023 in the normal magnetic field
at n = 4.6×1011 cm−2 for magnetic field range larger than in
Fig. 4 (points). The solid lines are the calculated ρxx curves
with different values of X. These curves are shifted for clarity.
The inset shows comparison of the data with the calculation
with X = 0.13 up to B = 3 T (see text).
pears to be 20 − 30 percent larger [see dashed lines in
Fig. 7(a)].
To compare the data for the g-factor anisotropy with
the theory, one needs to know the values of g‖ together
with g⊥ calculated just above. The dependences of g‖
on electron density were calculated using the results of
the paper [19] where the energy spectrum of the HgTe
quantum wells in the in-plane magnetic field was stud-
ied. The calculated dependences of g‖/g⊥ versus electron
density are shown in Fig. 7(b). It is seen that for both
types of the structures, with the normal and inverted
spectrum, the theoretical values of g‖/g⊥ are small, they
are close to each other, and increase with the electron
density increase. The calculated values of g‖/g⊥ signif-
icantly differ from the experimental data for both types
of the structures. For the structures with the inverted
spectrum (d > dc), the experimental values are to 1.5−2
times lower. For the structures with the normal spec-
trum, the difference is larger and the experimental data
are to 3− 4 times higher than the calculated ones.
To discuss possible reasons for the discrepancy, let us
remind the results of our previous paper [9]. We have
shown (see Introduction) that for d ≈ dc in nominally
symmetric structures the top of the valence band is very
strongly split by SO interaction [8]. Therewith, the SO
splitting of the conduction band in the same structures
does not reveal itself [9]. It is surprising that such SO
splitting is observed in structures with the inverted and
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Figure 7. (Color online) The ratio of the Zeeman splitting
to the orbital one at normal magnetic field (a) and g-factor
anisotropy (b) plotted against the electron density. The solid
and open symbols are the experimental data for the struc-
tures with normal and inverted spectra, respectively. The
structures numbers are presented in (a). The diagonal crosses
are the result of [11] and straight cross are the result of [10].
The lines are the calculated dependences for d = 5 nm and
d = 7 nm (see text).
normal spectrum despite the fact that at d < dc and
d > dc the conduction band is formed from different
terms (see Fig. 1). It was assumed in [9] that such sur-
prising behavior of the SO splitting is a result of the in-
terface inversion asymmetry in the HgTe quantum well,
which is not taken into account in kP calculations [1–5].
We believe that the disagreement between the experi-
mental data on g-factor anisotropy and calculations is
also a result of the interface inversion asymmetry in the
HgTe quantum well, which is not taken into account in
kP calculations.
In summary, the ratio of the Zeeman splitting to the
orbital one and anisotropy of the g-factor in the HgTe
quantum wells both with normal and inverted spectrum
have been studied experimentally within a wide electron
density range. To obtain two these parameters unam-
biguously, we have analyzed both the tilt angle depen-
dence of the SdH oscillations in low magnetic fields and
the shape of the oscillations in moderate magnetic fields.
It has been shown that the ratios of the Zeeman splitting
to the orbital one are close to each other in the structures
with normal and inverted spectra, these ratios decrease
when the electron density increases and they are quite
close to the values calculated within the kP method. In
contrast, the anisotropy of g-factor in the structures with
the normal and inverted spectrum is strongly different
and for both cases differ significantly from the calculated
ones. We believe that such disagreement with the calcu-
lations is a result of the interface inversion asymmetry in
the HgTe quantum well, which is not taken into account
in the kP calculations.
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